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ABSTRACT Discontinuous displacements pose a substantial challenge to image registration algorithms,
which generally assume smooth deformations. Two prominent cases occur in 4DCT lung scans. The
first instance exists at the lung-thorax-boundary, where due to high elasticities and expansion properties,
lungs exhibit higher displacements than the surrounding thoracic cavity, leading to sliding motions along
their interface. Discontinuous motion is facilitated through a piecewise registration framework, in which
inter-domain boundary interactions are constrained via collision detection, and intra-domain deformation
smoothness is governed by the Large Deformation Diffeomorphic Metric Mapping (LDDMM) model.
The second case with discontinuous displacements is found between lung lobes along the separating lung
fissures. A fissure reconstruction algorithm for sparse segmentation is presented, improving geometric lung
representation. Utilizing a refined Free-Form Deformation model for lobe-on-lobe registration that permits
lobar sliding and prevents self-intersection, this approach examines discontinuities around the pulmonary
fissures. Both cases are evaluated on synthetic and medical data, with boundary inconsistency results and
average registration metrics on the DIRLAB dataset comparable to other approaches addressing sliding
motion.

INDEX TERMS Deformable image registration, LDDMM, discontinuities, collision detection.

I. INTRODUCTION
Medical imaging techniques, as a non-invasive means to
visualize anatomical and functional aspects of the human
body [1], have grown to become an important part of modern
medicine. They contribute to medical education [2] and
research [3] as well as supporting clinical professionals in
reaching diagnoses and planning treatments. Since not only
analysis of individual images but comparisons between two
images are often needed, these images require a common
domain to be studied in.

Image registration is the process of finding an alignment of
two images via geometrical transformations to this common
domain, while preserving and matching corresponding simi-
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larities [4]. Commonly only one, moving, image is deformed
while the other, fixed, image is locked. Practical applications
for image registration in the medical field incorporate
atlas creation [5], surgery image guidance [6], and image
fusion [7], among others. In order to structure and select
appropriate registration solutions, multiple categorization
systems have been described [8], [9]. Condensing these
extensive works, algorithms can be classified by the region-
of-interest (ROI) in the images, the registration objective,
and the method employed. Being the most straightforward
categorization, the ROI portrayed in the scans distinguishes
between, but not confined to, lung, brain, and thorax
registration [10]. The objective is usually confined by the
initial domain differences between input images and can be
of temporal, spatial, dimensional, or modular [11] nature.
Temporal registration is usually required in intra-subject
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cases, where a ROI is recorded in the same patient at
different time points whereas spatial registration can be
found in instances where either several viewpoints in the
same patient or the same ROI across different patients
(inter-subject) are imaged. Lastly, multi-modal registration
[12] is employed where multiple imaging modalities have
to be joined for a comprehensive situation assessment.
The registration method however, is usually chosen by
the researcher or healthcare professional and defines the
matching criteria and type of geometric transformation. Cor-
respondences between images are generally established by
either matching anatomical landmarks or image information
such as intensity values. While manual landmark annotation
is time consuming [13], automated approaches have been
implemented to a varying degree of success. Information
based methods range from directly computing intensity
differences in sum-of-squared-differences (SSD) over statis-
tical methods like normalized cross-correlation (NCC) [14]
to probability based methods such as normalized mutual
information (NMI) [15]. Linear geometric transformations
methods, such as affine deformations, extend the classic
rigid body translations and rotations [16] with shearing
and scaling properties [17]. Especially in medical image
registration, with complex transforms addressing non-linear
behavior required, non-rigid transformations are commonly
deployed. Where in affine registration each voxel is subject
to the same deformation parameters, non-rigid approaches
assign individual deformations to each point. This can be
achieved via point-by-points deformations as introduced in
Thirion et al. [18] or with parametrized basis functions,
shown in Rueckert et al. [19]. Elastic regularization of
non-rigid or deformable registration restricts the transforma-
tion to a physically plausible solution space, the small defor-
mation assumptions [20] it is build on, however, struggle with
large deformations [21], [22]. Introducing analogies from
fluid mechanics [21], [23], notably modeling the deformation
with velocity fields, allowed to overcome the restrictions
imposed by linear elasticity and thereby register images of
content subjected to large deformations. The mathematically
rigorous extension of flow fields to flows of diffeomorphisms
[24], exemplified by the large deformation diffeomorphic
mapping (LDDMM), ensures two important properties of the
transformation. First, it preserves the topology of the domain,
preventing tearing and folding in registered organs. Second,
it enables the calculation of metric distances between shapes
[25], a vital measure in computational anatomy. Application
of deep learning, especially in lung registration, provides fast
algorithms matching the accuracy of conventional, variational
approaches. Due to non-existent ground truth data and small
publicly available dataset, deep learning methods lack the
robustness of their variational counterparts [26].

A. RELATED WORK

Discontinuities in lung registration consists in sliding motions
in two areas, the lung-thorax boundary and the lung fissures,
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and face a specific problem: allowing for discontinuous
deformations between domains while ensuring continuity and
smoothness inside the domains. In both cases, the pleura
forms a boundary between sliding anatomical structures, and
accurate image registration along this interface is particularly
important for capturing motion in the immediate vicinity.
Although the volume of this pleural boundary region is
small compared to the interior of the lungs or thorax, it is
clinically relevant due to the presence of nodules that may be
attached to the pleura. While not all pleura-attached nodules
are malignant, reported malignancy rates vary widely—
from approximately 70 percent in some studies [27] to as
low as 1 percent in others [28]. Regardless of the exact
incidence, assessment of malignancy typically relies on shape
features [29] and growth analysis over time [30], both of
which require precise and reliable registration, particularly
near tissue interfaces such as the pleura. Several works
concerning the lung-thorax have been published [31] and
can be classified either as domain split methods or local
regularization.

B. LOCAL REGULARIZATION

Local regularization methods employ a single deformation
field to model motions with regularizers used to identify
local exceptions to continuity constraints. Papiez et al. [32]
utilize a bilateral filter kernel to replace the Gaus-
sian kernel for edge preserving smoothing. While this
approach is able to simultaneously identify lung bound-
aries its applications comes with high computational costs.
An isotropic total variation regularization is introduced in
Vishnevskiy et al. [33], but is limited by a linear parametriza-
tion. Gong et al. [34] balances total variation L; at the
boundaries with L, regularization inside domains to present
a robust method even for small segmentation errors. Sliding
motion on the small scale however is still incorrectly
smoothed. Local regularization methods maintain a single
deformation field for the image domain and attempt to
identify local exceptions to continuity constraints. With a
closed mathematical solution provided under the use of
segmentation masks, Schmidt-Richberg et al. [35] allow
global smoothing of the deformation field in the normal
direction of the boundary surface while restricting smoothing
in the tangential component to the individual segments. The
decoupling of the transformation into tangential and normal
components in the moving domain does not represent changes
encountered under deformation. Addressing this problem
by first calculating the boundary motion, a diffeomorphic
piecewise approach in Risser et al. [36] smooths the the
velocity fields independently in each domain while matching
the velocities around the boundary to the tangential direction.
When using different velocity field resolutions for lung
and thorax fields, the interpolation required to create dense
velocity fields (DVF) introduces smoothing across the
boundary.
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1) SPLIT DOMAIN METHODS

Split Domain Methods model sliding motion by using
independent deformation fields for lung and thorax domains.
While they don’t share the difficulties of modeling sliding
motion as local regularization methods, their common
challenge is to correctly matching interfaces. Wu et al. [37]
penalizes domain overlaps by introducing unique penalty
intensities. However, selection of penalty intensity values
to correctly restrict the deformation is time consuming.
Limiting the sliding model to two objects represented by
expensive motion masks, Eiben et al. [38] calculate a
term weighing the interface matching error between those
masks. Berendsen et al. [39] penalize the interface matching
error with a local distance measure, which allows for
separation by a third domain, but is sensitive to the surface
discretization. Heldmann et al. [40] and Derksen et al. [41]
both calculate the interface error from the distance between
deformed moving and fixed domain boundary. Insufficient
parametrization can lead to a dominating matching term,
restricting the registration forces. Introducing an additional
third deformation field concerned with the global normal
deformation relative to the interface, Delmon et al. [42]
then deform the sub-domain domains with independent
tangential deformation fields. Deriving the normal direction
from local bases in the moving image, this approach
assumes small changes in the interface. A hybrid approach
utilizing a single deformation field that ensures discontinuous
movement is presented by Hua et al. [43] by extending
the basis functions for deformation parametrization. The
b-spline functions support for an image point is restricted to
locations in the same domain as the initial point. Even though
deformed by one deformation field, this switch in function
support can still displace voxels across the boundary creating
overlapping domains. Ng and Ebrahimi [44] use CNNs to
produce displacement fields preserving sliding motion by
calculating the cross products of neighboring displacements.
While performing fast and matching registration accuracy,
local non-smooth displacements are not restricted. Even
though most of these methods need segmentations, deep
learning methods offer fast, robust, and accurate tools for
obtaining organ segmentations [45], [46], [47]. Isotropic total
variation and bilateral filtering, as the methods not requiring
segmentations, struggle with boundaries between resembling
structures and low contrast.

With the rise of deep learning methods, recent years
have seen a growing number of learning-based models
applied to image registration. While these models can
still be broadly categorized into the two traditional groups
discussed earlier, they warrant a dedicated discussion due
to their distinct mechanisms. Learning-based approaches
are typically divided into supervised, unsupervised, and
GAN-based methods [26]. Fully supervised CNNs often
adopt an encoder—decoder architecture to better capture large
and complex deformations [48]. However, their performance
is constrained by the availability of diverse and extensive
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training datasets. These models heavily rely on ground
truth deformation fields, which are generally unavailable
in real-world registration tasks. As a result, they often
depend on synthetic data or deformation fields generated by
classical variational methods. Weakly supervised methods
attempt to overcome this limitation by aligning image pairs
using annotated labels instead of full ground truth. For
instance, landmark-based approaches [49] can generalize
to broader datasets but remain limited by the need for
accurate annotations. Unsupervised methods are conceptu-
ally closer to traditional registration techniques, as they
do not require ground truth data. Instead, they optimize
similarity measures between image pairs. Techniques that
use edge-based normalized gradient field (NGF) metrics and
second-order curvature regularization [50] provide robust
performance against large, respiration-induced deformations.
However, they may struggle to handle subtle displacements
and sliding motion effectively. GAN-based approaches utilize
a generator to produce deformation vector fields (DVFs)
and a discriminator to evaluate the similarity between
the warped and fixed images. While this adversarial frame-
work enhances DVF quality, it introduces training instability
and still depends on traditional similarity losses, which
can limit generalization. To address this, some models
replace conventional similarity metrics with perceptual loss
computed from feature maps [51]. This offers a more robust
image registration framework, albeit at the cost of increased
computational complexity due to feature extraction. For
lobe-on-lobe sliding, substantially less research has been
performed. Notable first works proved the existence of sliding
between lobes by Ding et al. [52], by evaluating displacement
differences in lung-by-lung registrations compared to lobe-
by-lobe registrations. Further works performing in-depth
analyses with newly introducing measures confirmed the
findings, either when lungs were deformed as a con-
tinuum [53] or on a lobe by lobe basis [54], [55].
The latest work coupled independently registered lobes
and thoracic domains with finite element inspired contact
constraints and agree on the importance of modeling
lobar sliding [56], [57]. These contributions have pro-
vided significant work and evolved from lung wise to
lobe wise registrations, yet fall short of modeling the
lung domain realistically. Our contribution in this work is
twofold: We improve on our previous method introduced in
Alscher et al. [58] to state of the art diffeomorphic piecewise
image registration regularized with collision constraints.
This ensures topology preservation while allowing for
discontinuities at the object boundaries. Secondly, we exam-
ine sliding between lung lobes under image registration
with self-collision constraints by modeling the lung as a
continuous, connected body. To the best of our knowl-
edge, this is the first time modeling self-sliding between
the lung lobes by one mesh is done. Evaluation of our
approaches are performed on synthetic as well as medical
data sets.
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Il. METHODOLOGY

According to the categorization from Sotiras et al. [8],
an image registration algorithm consists of three main
components: an objective function, a deformation model,
and an optimization method. This section will introduce our
implementation of these parts and step-by-step develop them
to arrive at a final formulation.

A. IMAGE REGISTRATION ENERGY PROBLEM

We will start the formulation by developing the objective
function of the image registration problem by borrowing
the mathematical setting from Modersitzki [20]. Let the
d-dimensional images be I,J : 2 +—— R with the image
domain 2 :=]0, 1[dC R4, with I the moving image and J
the fixed image. The transformation ® : Q +—— Q warps
the moving image to the fixed image. A common formulation
is the minimization of the energy functional F(®, I, J) with
x € Q any pointin /.

min F(®, I, J)=min / M(I(x),J(dD(x)))+ZSi(QD(x))dx
[} () Q ;

ey

The similarity measure M Q x Q +— R computes
the resemblance of both images with each other and can
be seen as the driving force of the registration. It can
be picked from a range of measures. For intensity based
image registration, commonly used are measure are sum
of squared differences (SSD), cross-correlation (CC), and
mutual information (MI) [59]. Deformable image registration
as an ill-posed problem [60] requires additional restrictions
S 1 Q —— Q called regularizations to be imposed on the
transformation ®. The regularization term is controlling the
plausibility [61] of the transformation, penalizing undesirable
solutions [62]. Zi S; as a collection of terms with i € N can
either introduce prior knowledge [8] or favor certain physical
models [63].

B. OPTIMIZATION MODEL

While the similarity term is aimed to solve the matching
problem, the regularization term focuses on the deformation
restrictions. Splitting the decision variable ®(x) into two
oMatch and @Reg creates the dual problem and allows us
to formulate the alternating direction method of multipliers
(ADMM) [64] for the objective function, an optimization
approach successfully used in image registration [40], [65],
[66]. This method favors objective functions where each
sub-problem can be solved efficiently locally [67]. Even
though convergence for ADMM is only proven for convex
functions, certain non-smooth and non-convex functions,
like L; regularizations, have been shown to converged
successfully [68]. This split comes at a cost by introducing
a new variable u, called the dual variable. u couples the
two decision variables to ensure the solution of the dual
problem approximates the primal solution. Two kinds of
coupling are developed to address the two intersection
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problems: Eulerian and Lagrangian constraints. Equation 1
with split decision variables shown in Equation 2 with
two available coupling constraints. The Eulerian coupling
constraints restrict differences in the deformation field ®R¢s
and ®M@h wwhereas the Lagrangian constraints restrict the
deformation resulting from these two fields in a set of
specified coupling points x. € €.

min / MG, J(@Maeh ()
Q

dMatch pReg

+ D S(@FE(x))dx

subject to PMUh _ pRes — o or
oM () — () =0 (2)
An exemplary overview of the iterative sequential updates for
step j+ 1 with Eulerian constraints, coupling two deformation

fields acting the same image domain, to the decision variables
and the dual variable can be seen in Equation 3.

pMatchj+1 e / MI(x), J(@Mh(x)y)) d x
Q

dMatch

+ §|¢Match _ CDREg,j + Mk'j|%, (33)
oRes min/ Si(DRe(x))d x

min | Z (@18 ()

+ §|¢Match,j+1 — PpRes | uk,j%’ (3b)
uk,j-’rl <« uk,j + q)MalCh,j-Fl _ (DReg,j—H. (30)

C. DEFORMATION MODEL

We will develop a more specific energy functional
(Equation 4) from the generalized formulation Equation lin
the next paragraphs and start by outlining the deformation
model. Modeling deformation via time-varying velocity
fields V(x,t) : QxR +— RY with ¢ := [0; 1] offers multiple
advantages. Developed in 1996 by Christensen et al. [21],
[69], velocity fields allow for large deformations while creat-
ing diffeomorphic transformations. Diffeomorphic behaviour
can be achieved by suitable regularization of the velocity
field [24]. With the right simplifications, this deformation
model can easily perform as a Stationary-Velocity-Field
registration (SVF) [70] or Free-Form Deformation (FFD)
[19]. Lastly, the analogy to fluid mechanics allows for an
easy transfer of knowledge and intuitive understanding of
Lagrangian and Eulerian specifications of flow fields.

1
il‘}f/g(/o IV, Dllzde +MIx), J(@@))dx)  (4)

The norm |[|.||; is responsible for both restricting the
solution space to the group of diffeomorphisms and ensureing
smoothness [71]. The linear operator L = uA + \d, used
in computational anatomy due to its corresponding order of
differentiability to operators from fluid mechanics, is chosen
to establish diffeomorphic transformations [72].
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1) DISCRETIZATION

In computation practice, deforming images with time-
dependent velocity fields over continuous domains requires
spatial and time discretization as well as an appropriate
integration method. First we will elaborate on the spatial
discretization also often called the parametrization of the
image registration approach. Apart from reducing the image
registration problems dimensionality, parametrization of the
deformation model can provide an improved robustness as
well as faster convergence [33]. One approach is to find
the voxel velocities of the underlying image by deriving
them from a grid of overlaid velocity control points. The
spatial resolution of the control point grid is usually more
coarse than the image itself, requiring an interpolation
scheme to create DVF. Additionally to their smoothing
properties [73], B-Spline approximation, especially of cubic
order, are supported only locally, restricting their influence to
their neighborhood [19]. This makes them efficient [19] and
prevents unwanted oscillations exhibited with global polyno-
mials [74]. An example with b-splines for interpolation uses
the scalar field A : Q —— R and point p € 2 in our image
domain 3. To find the scalar value A(p), the control point
grid, defined as ¢ € R™*"2>*"3 with an equidistant spacing at
s = (81, 82, 83), is evaluated as follows

3 03 3
Ap) = Z z ZBl(u)Bm(v)Bq(W)§i+l,j+m,k+q- &)

=0 m=0 ¢g=0

The basis functions are detailed as [75]

1 3

Bo(u) = 8(1 —u), (6a)
1. 3 2

Bi(u) = E(BM —6u”+4), (6b)

Bo(u) = é(—sf +3u? +3u+1), (6¢)
1 3

B3(u) = gu . (6d)

The local coordinates are computed from u = (p; —
81 % [p1/81D/81, v = (p2 — 82 * [p2/821)/82, and w =
(p3 — 83 * |p3/83])/83. The control points influencing the
approximation are found by i = |p1/§1]—£&,j = |p2/d2] —&,
k = |p3/83] — &, with representing the shift in support &
along the axis and the local coordinates derive from [58].
This scheme provides a robust interpolation method for scalar
fields, used for example for determining intensity values
at non integer locations in images. It can also be readily
extended to operate on vector fields, as demonstrated in this
paper for cases such as velocity fields. The integration of any
value over the spatial domain is the simple sum of values at
discrete points weighted by their area or volume.

The time discretization of the velocity field is more trivial
and just divides the continuous field into m timesteps. The
evolution of the deformation over time is described by an
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ordinary differential equation (ODE) (Equation 7).
d
EQ(x, 1) = V(O(x, 1), 1) @)

The deformation at time + = 0 is always the identity
transform ®p(x) = &(x,0) = x. Consequently, the
integration required to find the deformation &; at time
t, results in an initial value problem [76]. The choice of
integration method can have a direct impact to the order of
multiple magnitudes on the consistency error of the ODE
solution [77]. Two numerical integration methods are used
in this paper. A forward Euler approach in Equation 8 and a
trapezoidal approach in Equation 9.

@ 11(x) = Pi(x) + AtVi(Py(x)) (®)
1
Pr1(X) = @i(x) + 5 AL(Vi(Pr(x)) + Vi1 (Pr41(x)) 9)

Implementation of the explicit Euler’s method is rather simple
and straightforward. The trapezoidal method as an implicit
approach [78] requires an evaluation of the velocity field at
time steps ¢ + 1 and ¢ to find the solution for the deformation
attime ¢+ 1. A multi-step predictor-corrector method inspired
by Heun’s method [79] uses an initial guess from the Euler’s
method to converge to a solution 1.

Algorithm 1 Multi-Step Predictor-Corrector Method

1: Input: Initial condition ®;, time step At, tolerance
Output: Final state @

O By 4 Al Vi(D(x))
while true do y
DL = D + S AL (Vi(Py(x)) + Vi1 (D)1 (1))

. 7]
if |®¢%; — @V7'| < tolerance then

break {Exit the loop if within tolerance}

end if

CD’;ffi < &7% {Update the prediction}
end while

11: Return 77", {Return the corrected value}

R A Al

—_
4

Once converged, the solution assures the properties of
the integrated ODE at the evaluation times [77], also called
collocation points, and justifies the trade off of the additional
iterations.

2) PIECEWISE REGISTRATION AND COLLISION CORRECTION
The image domain € can be separated into subdomains,
representing independently moving objects. These distinct
objects, are regarded as closed sets QX < Q with
their boundaries 8Q* and let us adapt Equation 4 with
DU, J, o) = [ |[VE(x, 0)l2dt + M (x), J (®(x))), giving
inf/ D, J, ®)dx. (10)
vk Jok
The goal of collision correction is to correct overlap of

any independently registered subdomains and consequently
require an object representation with clear boundaries.
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We begin by establishing a framework for handling colli-
sions between distinct objects, referred to as inter-collision
correction. The deformation of a domain is represented as
P(Q2) := {P(x)|x € 2}. The obstacles for which collisions
should be checked for QX are defined by the set of domains
S, = {R1,...,8,}, where n € N, which together form
Qops as described in Equation 11.

n n
Qb = with (2 =1{9) (11)
i=1 i=1

The indicator function 1 takes the value 1 for arguments
that satisfy a given condition, and 0 otherwise. This function
is useful for calculating the Lebesgue integral [ -du over
the continuous set of intersecting regions and assumes that
our sets are measurable. The Lebesgue integral computes a
measure over the set, which, in this context, represents the
area or volume of overlap. Since the indicator function is
bounded and the continuous set has finite measure, the result
of the integral remains finite, preventing it from diverging.
The collision correction function CC is defined as CC :
QxQ2xQ2+— N.

CC, 2, Qupy) = / 13 : B() € Qpdu (1)
Qk

The function for the continuous set of self-intersection,
or intra-collision, is built upon this concept and is defined as
follows: SC : @ x Q +—— N.

SC(®, Qk):/k 13x :x £y A Px) = P(y) Ay e Q5)du
Q
(13)

These formulations are defined on continuous sets because
the idealized images are also continuous. The next steps will
involve discretizing these formulations and presenting our
implementation. Our objects QF. as closed sets, can now
be viewed as a finite collection of points (e.g. pixels). This
allows us to replace the Lebesgue integral with a simple
summation. The inter-collision is expressed as Equation 14,
and the intra-collision is expressed as Equation 15.

CC(D, 2, Qups) = D 1(Ax : B(x) € Qony) (14)
xeQk
SC(®, @) =D 1@Ex: x #yAD(x)=d(y)Ay €QF)
Qk
(15)

We now have a measure of the discretized overlapping area.
However, depending on the discretization of 27, a single
overlapping element could indicate either a slight overlap or
a significant intrusion. Larger intrusions should be penalized
more heavily than smaller overlaps, so we need a depth
measure to quantify the extent of the overlap. To achieve
this, we aim to reformulate the approach once more. This
reformulation will also help clarify the definitions of the
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measures used, such as the minimum set distance (MSD),
which is defined as MSD : RY x Q — R.

MSD(x,2)=min|x —yl» V yeQ (16)
X

The adapted signed distance field (ASDF), defined as
ASDF R? x Q@ +— R, as shown in Equation 17,
now provides a measure of the depth for intersecting points,
or a zero value where there is no intersection. The check of
x € € via winding numbers is performed by interpolating
the coordinates within this adapted signed distance field (as
detailed below). Note that the minimum set distance (MSD)
is calculated to the boundary of the set in the case of an
intersection. The loss function, in its discretized form, can
now be written as Equation 18.

ASDF(x, Q) = [0 iforgf (17)
—MSD(x,5Q2) if xeQ
CO@. 9, Q) = D \JASDF(@(), 2p)®  (18)
xeQk

The inter-collision correction implementation is reproduced
from Alscher et al. [58]. A combined signed distance
field for all collision obstacles in the fixed image Qg is
created and adapted to fit Equation 17. Evaluation points
for inter-collision correction are derived from moving image
masks for respective segment and either cover the whole
segment domain or outer layers obtained from morphological
operations. During image registration all evaluation points
deformed from the moving image to the fixed image are
evaluated according to Equation 18.

An implementation of the collision detection from the
lung’s perspective is presented in 2, where potential
inter-collisions between the lung and thorax are identified.
To perform collision detection from the thorax’s perspective
with respect to the lung, one can simply swap the input
domains.

Algorithm 2 Inter-Collision Detection
1: Input: Adapted Signed Distance Field (ASDF) of
Qthorax; n sampled points po = {p, pi. . .., pi} in QL
at time O; iteration number /; initial deformation field
q)Lung
2: Output: Deformation field dL#8
3: for i in iterations do
4:  loss <0
5
6

forj=0tondo
Ph < " wp)
7: loss < loss + \/ASDF(p’i, Qinorax)*
8:  end for
9: (DLung < cDLung —1Ir- Vc[)L”"é’
10: end for

Self-intersection is more complex to handle. While signed
distance fields (SDFs) can be constructed using the concept
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of general winding numbers, even in the presence of self-
intersecting meshes [80], we encounter some challenges. The
MSD measured for the closest distance to the boundary in the
spatially deformed configuration can have very small values
deep inside the object, even when close to the intersecting
boundary. This means that self-intersecting points, when
interpolated on this signed distance field, can produce image
gradients that push them further into the object. An example
can be seen in Figure 1. An object consisting of an upper, blue
and lower, red prong is deformed from its initial configuration
(a) to a self-intersecting deformation (b). Using a SDF created
from the self-intersection mesh in spatial configuration,
gradients are calculated for the intersecting points from the
upper, blue prong and lower, red prong. The results show
that even though red points should be moved down and blue
points up, both sets of points are assigned the directions
increasing intersection (c). To address this, we aim to define
the intersection depth by pulling the coordinates back to the
non-intersecting material configuration, as it was before the
deformation. To simplify the notation, let us define the set of

self-intersecting points as: SI = {®(x) : x # y A P(x) =
d(y) Ay € QF)
SC(®, @ = Z \/ASDF(CIJ*I(x), Qk)y2 (19)

xeSI

Another issue arises because the inverse of the function
does not exist, as we have self-intersections, which make the
function non-injective (i.e., mapping multiple points to the
same value). This results in undefined behavior, and if not
addressed, the gradients for intersecting points from different
regions of the SDF may be assigned the same gradient.
An example of this can be seen in Figure 1, where both
points from the upper and lower prongs exhibit the same
gradient pattern. To address this, we proceed as follows: We
split our original object domain into n € N subdomains.
These subdomains do not overlap with each other in the
same regions of the original object but, together, they fully
represent it.

n n
QF = U Q51 with ﬂ Qb = () (20)

i=1 i=1
With individual deformations ®; : Q% — Q mapping
the subdomains, we now have, for each collection of self-

intqrsecting points, an inverse fu_nction. SI; = {®i(x) : x €
QRN Di(x) = Dj(y) Ay € QKIV) £ i)

SC@, 2= > JASDF(@; '), kiR @21)

i=1 xeSI; j#i

This self-collision detection is implemented using a
point-simplex intersection check, which varies depending
on the dimensionality. First, the object in its material
configuration is discretized using a simplex mesh, then
deformed. Afterward, all mesh vertices are checked for
intersections with simplices they do not belong to, allowing
for an inside-outside check. Next, the barycentric coordinates
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of the intersecting points within their collision partner
simplices are calculated. These coordinates are then used
to pull back the points to the material configuration. The
SDF of the object in its undeformed configuration is
interpolated at these barycentric coordinates, providing a
direction for each point. This direction vector, initially in
barycentric coordinates, is then warped back to the spatial
configuration by computing the Cartesian coordinates within
the intersecting simplex. The results, shown in our graphic,
illustrate how the red points are pushed down and the blue
ones are pushed up. This method allows us to assign the
correct direction to points that intersect in the same area based
on their initial configuration, without the computational cost
of recalculating a new SDF for each intersection occurrence.

Furthermore, a pseudocode representation of the imple-
mentation is presented in 3.

Algorithm 3 Inter-Lobe Collision Detection
1: Input: Adapted Signed Distance Field (ASDF) of Q2 yng;
lobe segmentations QSUPerior and QInferior for touching
lobes; tetrahedralized volume of Qpu,g as n vertices
vy = {v8, v(l), ..., v} at time ¢; iteration number ; initial
deformation fields Superior gpg glnferior

2. Output: Updated deformation fields ®SUPerior and
@Inferior

3: Vo,Superior <— all Nsyperior Vertices in QSuperior a¢ time ()
4: v Inferior <— all Aipferior Vertices in QInferior a¢ time Q
5: for i in iterations do
6:  losssuperior <= 0
7 for j = 0 to nsyperior do
j Superior
8 ‘/I,Superior <~ q>1 (v{),Superior)
. Inferior s yInferior
9 iV uperior € @ (« ) then
10: 1OSSSuperior < 10SSSuperior +
\/ASDF(CDInferior(V]l,Superior)’ Qnferior)
11: end if
12:  end for
13:  loSSinferior < 0
14:  for j = 0 to niyferior do

. Inferior, J
15: Vll,Inferior <~ cI>] (V{),Inferior)
. . Superior ¢ o Superior
16: if V] [oferior € POUPETON(Q5UPENOT) then
17: loSSInferior <~ 10SStnferior +
—1 i Y
\/ASDF(q)Superior(v]l ,Inferior)’ QSuperlor)
18: end if
19:  end for

20: chuperior - cDSuperior —1Ir- vq)Superior
21 glnferior . plnferior _ 1., 7 gInferior
22: end for

The collision correction formulations are not be contin-
uous, so we apply the introduced ADMM (Equation 3) to
split these terms. We then formulate the loss functions using
velocity fields, and employ a discrete version of the diffusion
term D. For the inter-collision corrections, we use two
velocity fields, V&-March and v5.CC to separate the collision
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FIGURE 1. Example of gradient in different configurations. (a) Meshed (green) prong object with colour-coded upper part (blue) and lower part (red).
(b) Deformed prong object with self-intersection between upper and lower part. (c) Image gradients of signed distance field in spatial configuration.
(d) Image gradients of signed distance field with pullback from material configuration.

correction from the matching term. These fields are coupled
through Eulerian constraints between them. Equation 22.

2Vk,Match,]+1

< arg min Z D, J, dk-Matchy

Vk,Match erk
+ glvkﬂm”(x) — VI + ub )3,
(22a)
VECCTHT  argmin D CC(®, QF, Qupy)

VEEC reqk

+ gIV"'M““W“(x)—V’“CC(x) +ut ()13,

(22b)

Wit ki 4 ykMatchj+l k. CC (22¢)

For intra-collision, we also use two velocity fields, one
for each subdomain of $*, Q™. and Q!. These veloc-
ity fields are coupled through Lagrangian constraints
at their shared boundary x., depending on the specific
setting.

VIt argmin DI, J, @) + SC(P™, Q™)

ym xeQm
P m Lj 12
+§|xcocl> xe 0 DY + i3, (23a)
vE+  argmin Z DU, J, ) +SC(@!, Q)
v xeQ!
+ §|xc o @Mt — Xc © @' + u"%? (23b)
P ro @ x o0l L (@3
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Ill. EXPERIMENTS AND RESULTS

We conducted two sets of experiments to examine the effects
of modeling sliding motion, one between lung and thoracic
cavity wall and a second one between inferior and superior
lung lobes. Both sets include explanatory 2D cases with
synthetic data and 3D cases with medical data from the DIR-
LAB dataset [81], [82]. In order to asses the magnitude of
sliding and the performance of the registrations, we introduce
several measures. For cases without annotated landmarks, the
Sgrensen-Dice index (DICE) is used to show the registration
success. For cases with annotated landmarks, namely the
experiments with DIR-LAB data, the target registration error
(TRE) measures the distance between registered landmarks
for the moving image to their counterparts in the fixed
image. The TRE employs the snap-to-voxel approach as
used in various works [33], [38], [82]. A numerical measure
for sliding motion is the maximum shear stretch [55]. The
eigenvalues of the decomposed deformation gradient tensor
F = V& constitute stretches in the principal directions,
giving the maximum shear stretch 4, as the difference
between maximum and minimum components.

Al — A3

>\max = ) (24)

with

i = \/eigenvalues of FTF. (25)

Reducing areas of overlap between the domains of the piece-
wise approaches is a key goal of our collision corrections.
In 2D cases we measure the overlap by calculating the area
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between polygons representing the contours of the domains.
In 3D experiments, the overlap is computed by generating
triangle surface meshes for each domain, registering the
meshes with the respective deformations and summing the
voxels in the fixed image covered by two or more meshes.
Gaps are subsequently voxel covered by none of the meshes.
Lastly, a measure for assessing the diffeomorphic quality of
deformations is needed. Diffeomorphism are continuously
differentiable bijections with a continuously differentiable
inverse [83]. Local bijectivity and invertibility can be shown
with positive determinants of the Jacobian of the deformation
[84], requiring the resulting dense deformation fields (DDF)
to have no local deformations with det(V®) <= 0. The
Jacobian is computed via a central differences approach.
However to evaluate the correctness or symmetry of the
inverse of the deformation requires a measure called inverse
consistency. Points are subjected successively to & and
®~! with the resulting error between the deformation and
the identity |x — <I>’1(d>(x))|2 constituting to the inverse
consistency error (ICE). Evaluation of dense deforamtion
fields with regards to smoothness and continuity rely heavily
on the discretization and interpolation methods employed.
Hence in this paper, we restrict our evaluation to visual
examinations. For all experiments, SSD was used as the
similarity measure. SSD is preferred for mono-modal image
registration [85] and penalizes outliers more than the sum
of absolute differences [62], which makes it a suitable
measure in thoracic image registration with high intensity
differences between air-filled lungs and dense tissue thoracic
volumes. Additionally, all algorithms employ a multi-scale
strategy to capture both global and local deformations as
well as avoid local minima [74]. Multiple image registration
passes are run sequentially from coarse to fine spatial spatial
parametrizations, with the result from the former being
carried over to the next scale. Gradient formulations of
the objective function required by variational methods are
usually obtained by computing the Euler-Lagrange equations
for the functional 1. However, for complex functionals,
their computation can be intricate and prone to errors [86].
To avoid this predicament we implemented all our algorithms
in a differentiable programming framework capable of
back-propagation and auto-differentiation, with a convenient
option to run our programs on GPU. We further reduce the
computational cost, by not sending all points from the moving
image domain through the forward pass of our algorithm,
but just selecting a subset of 10% of the complete point set.
To still ensure complete coverage of the spatial domain, this
subset is stochastically selected anew for every pass, yielding
the same accuracy as a bigger, fixed point set.

A. SLIDING BETWEEN LUNG AND THORACIC CAVITY
WALL

Our first set of experiments concerns the sliding between lung
and thoracic cavity wall. We independently register lungs and
thoracic cavity. For each entity, lungs and cavity, two velocity
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fields are coupled via Eulerian coupling constraints in the
ADMM, one solving the registration problem and one for
the collision correction as introduced in Equation 22. The
minimization problems in the iteration updates are solved by
a gradient descent approach with backtracking according to
Armijo conditions [87]. To ensure LDDMM properties the
velocity field is time discretized into 10 steps and numerically
integrated with the trapezoidal rule.

1) SYNTHETIC INTERSECTION DATA

Our synthetic experiment highlights the differences between
our LDDMM runs with and without inter-collision detection.
The setup for this synthetic experiment is designed to
distill the sliding image registration problem to its essential
components and clearly demonstrate the effectiveness of
our method. Two distinct squares, each measuring 20x20
pixels and containing internal intensity structures, are
initially separated in the moving image. These squares,
treated as independent objects, move freely. In the fixed
image, they come into contact and then move in opposite
directions, generating a sliding motion along their shared
boundary—mimicking the surface interaction patterns com-
monly encountered in medical imaging scenarios. We employ
the piecewise registration approach, meaning that each square
is deformed with its own velocity field. Three successive
registrations for each field are run with parametrization grids
of 10, 5, and 1 pixel control point distances. The resulting
registered contours are displayed in Figure 2. The collision
corrected LDDMM (dCC-DIR) shows no overlap where the
regular LDDMM struggles to keep the two structures separate
with an overlapping area of around 5 pixel. Both algorithms
show the same DICE measure of around 0.94 and piecewise
diffeomorphic behaviour with 0% of det(V®) <= 0 and a
mean inverse consistency of 6.5¢~ pixel.

B. MEDICAL DATA

The dCC-DIR is evaluated on the DIR-Lab dataset, acommon
benchmark in 4DCT lung image registration, from exhale
to inhale images. Lung and thoracic cavity are cropped
to include the lung with a padding of 5 voxel and are
independently registered with individual velocity fields. The
domains of interest of the velocity fields are defined by seg-
mentation mask from https://continuousregistration.grand-
challenge.org/. Inter-collision correction between lungs and
cavity are modeled in the fixed image domain with adapted
signed distance fields for their respective counterpart. First,
an affine registration is run followed by a multi-scale
deformable registration at 20, 10, and 5 voxel resolution for
the control point parametrization. Case 8 is an exception
that it has an additional initial resolution of 40 voxel. Both
Table 2 and Table 1 are extensions from Alscher et al. [58]
comparing only split domain methods algorithms. To our
knowledge no algorithms published since 2023 utilize split
domain approaches. The registration accuracy of the non-
diffeomorphic CC-DIR is retained with a small decrease of
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(@ (b) () (d)
FIGURE 2. Setup and results for synthetic intersection experiments. (a) Moving image. (b) Fixed image. (c) Registered contours with

standard LDDMM resulting in overlaps. (d) Registered contours with dCC-DIR and no resulting overlaps.

TABLE 1. Extension of the gap/overlap comparison from [58] for the DIR-LAB data set by case in cm3. The diffeomorphic dCC-DIR shows the third least
overlap, but displays the highest gap value.

[ Case [| Wu (2008) [ Delmon (2013) | Berendsen (2014) | Hua (2017) [ Eiben (2018) | Gong (2020) [ Alscher (2023) [ dCC-DIR |

1 38/26 39/15 23/18 39/2 N/A/N/A 67/69 22/2 25/23
2 78/46 67/60 74/34 74/31 N/A/N/A 76/94 53/6 75 /44
3 99/28 83/33 57/30 71/24 N/A/N/A 59/70 53/7 64 /34
4 75/34 66/44 66/28 92/13 N/A/N/A 71/79 41/7 72125
5 11/38 78/52 61/32 54/6 N/A/N/A 97/109 37/11 66 /25
6 10/86 119/77 130/50 155/11 N/A/N/A 57/69 90/23 141/ 34
7 10/79 108/77 119/45 138/19 N/A/N/A 73/88 131/14 112 /39
8 96/91 92/93 85/53 150/40 N/A/N/A 80/98 92/39 369 /29
9 61/34 54/44 70/51 58/14 N/A/N/A 63/72 78/8 54/19
10 120/63 94/56 80/43 109/28 N/A/N/A 90/110 48/19 127730
Mean 88.2/52.5 80.0/55.1 76.5/37.4 94.0/18.8 26.4/34.5 73.3/85.8 64.5/13.6 113.6/29.8

TABLE 2. Extension of the TRE comparison from [58] for the DIR-LAB data set by case in mm. The diffeomorphic dCC-DIR retains the matching accuracy of
its non-diffeomorphic counterpart, and even surpasses it in two cases. Regarding the mean TRE of the diffeomorphic CC-DIR method scores at fifth place
with a 0.17 mm offset to the best performing algorithm.

[ Case || Wu (2008) | Delmon (2013) | Berendsen (2014) | Hua (2017) | Eiben (2018) | Gong (2020) | Alscher (2023) | dCC-DIR |

1 1.1 £05 1.2+£0.6 1.0 £0.52 1.0 £0.51 N/A + N/A 0.97 £ N/A 0.92 + 0.97 0.93 £0.97
2 1.0+0.5 1.1 £0.6 1.02 £ 0.57 0.99 £+ 0.59 N/A £ N/A 1.02 £ N/A 09+1.14 0.89 + 0.99
3 1.3£0.7 1.6 £0.9 1.14 £ 0.89 1.12 £ 0.64 N/A £ N/A 1.18 = N/A 1.23 £1.43 1.05 + 1.06
4 1.5+1.0 1.6+ 1.1 1.46 £+ 0.96 1.44 +1.03 N/A £ N/A 1.38 £ N/A 1.49 +1.41 1.48 £+ 1.32
5 19+1.5 20+ 1.6 1.61 +1.48 1.37 + 1.35 N/A + N/A 1.45 + N/A 1.9 +2.48 1.48 +1.74
6 1.6 +£0.9 1.7+1.0 1.42 +£0.89 1.26 + 1.04 N/A + N/A 1.12 = N/A 1.46 + 1.41 1.67 £ 1.47
7 1.7£1.1 19+1.2 1.49 £ 1.06 1.12 £ 0.67 N/A £ N/A 1.24 £ N/A 1.42 £ 1.43 1.54 £ 1.43
8 1.6£14 22423 1.62 +1.71 1.18 +1.22 N/A £ N/A 1.71 = N/A 1.26 £ 1.17 1.46 = 1.25
9 1.4£0.8 1.6 £0.9 1.3 £0.76 1.14 + 0.64 N/A £ N/A 1.24 £ N/A 1.2+ 1.06 1.28 £+ 1.06
10 1.6+1.2 1.7£12 1.5+ 1.31 1.08+ 0.82 N/A + N/A 1.24 = N/A 145+ 1.72 1.49 + 1.56
Mean 1.47 £ 0.96 1.66 £ 1.14 1.36 £0.99 1.17 £+ 0.85 1.21 £ N/A 1.25 £ N/A 1.32 £ 1.42 1.34 £1.34

0.02 mm on average. This puts dCC-DIR in the middle field
of those algorithms. The overlap as well as gap measure
of dCC-DIR show a bigger increase to around double the
overlap and gap. This still places dCC-CIR at third place
out of 8 compared algorithms for the overlap measure. The
average gap is outmatched by all other approaches.

An overview of the diffeomorphic measures in Table 3
shows all cases with no non positive det(V®) and a mean
inverse consistency error of 2.56*10-6 mm with a maximum
of 0.00056 mm.

Two figures are supplied to show the quality of sliding
motion along the lung boundary, Figure 3 displays the DDF
and Figure 4 the maximum shear stretch in the coronal

VOLUME 13, 2025

plane. Both images show an average of the ten DIR-Lab
cases and were created by a simplified atlas registration.
Case 1 was declared the atlas for our experiments and
the results for ® and y,,,, were pulled back to the atlas
domain. The deformation field in Figure 3 is changing right
at the lung boundary, indicating a discontinuous, sliding
movement. Figure 4 gives an overview of the shear stretch and
demonstrates high maximum shear stretches along the lung
boundary, matching the results from Figure 3. Quantitatively,
the averaged maximum shear stretch at the lung boundary is
with 1.8075 4 2.066 around seven times higher than in the
rest of the domain with 0.2409 &£ 0.5185. The average time
for the whole registration process with affine and multi-scale
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TABLE 3. Diffeomorphic measures on the DIR-Lab cases showing % of det(V®) <= 0 and inverse consistency errors. Inverse consistency is shown as the
average and the maximum deviation from the identity transform after application of ® and ®~1.

I Measure [ Casel | Case2 | Case3 | Case4 [ Case5 [ Case6 | Case7 | Case8 | Case9 | Casel0 | Mean
Tedet (VD) <=0 0 0 0 0 0 0 0 0 0 0 0
Mean inverse con- T.1e-06 1.58¢-06 1.74¢-06 2.3¢-06 22106 3.00¢-06 3.1-06 4.266-06 1.79¢-06 33¢-06 2.65¢-06

sistency in mm +4.05e-06 | +544e-06 | +545¢-06 | +632e-06 | +6.19e-06 | +8.20e-06 | & 8.24e-06 | +9.02e-06 | +5.09-06 | +8.51e-06 | +7.27e-06
Maximum inverse con- 0.00013 0.00027 0.00019 0.00020 0.00052 0.00049 0.00039 0.00056 0.00015 0.00054 0.00056
sistency in mm

FIGURE 3. Close up of the average deformation field (green) at the lung
boundary (red) in the coronal plane.

High shear
stretch

Low shear
stretch

FIGURE 4. Qualitative average map of ymax in the coronal plane. Red
indicates high stretch, blue low shear stretch values.

deformable registration for both lung and thoracic cavity
fields is 1220.805 + 555.5444 seconds on a Xeon CPU @
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3.60GHz x12 with an GPU implementation on a GeForce
RTX 3090.

C. LOBAR SLIDING

A different setup is chosen for the intra-collision correction.
The object of interest is split into two parts with every part
registered independently with its own velocity field. The
fields are coupled via the ADMM at the shared boundary
with Lagrangian coupling constraints (Equation 23). The
minimization problems in the iteration updates are again
solved by a gradient descent approach with backtracking.
A simplex-mesh representing the whole object is created
and its vertices assigned to either one of the velocity fields
depending on their initial position. Deforming the vertices
with different velocity fields ensures that those parts can
deform freely while matching the deformation at their shared
boundary. Aiming for FFD behaviour, both A and w in the
linear operator are set to 0, the velocity field is discretized to
one timesteps and integrated with the forward Euler method.

1) SYNTHETIC SELF-INTERSECTION DATA

The 2D data used for the exemplary experiments is shown
in Figure 5. The setup is specifically designed to highlight
the challenges posed by self-sliding contact within lung
fissures. To simulate this, we constructed a pronged object
of 40x60 pixels, representing the invaginated structure of
a fissure. In the moving image, the prongs begin in a non-
contact configuration. In the fixed domain, however, they
come into contact and move in opposite directions along
their shared interface, producing a sliding motion pattern
similar to that observed within actual fissures. Each prong is
assigned a unique internal intensity pattern, allowing them
to be distinguished from one another during registration.
Three experiments were run: One-Field-FFD, Piecewise-
FFD, and sCC-DIR. In One-Field-FFD the whole domain was
deformed by a single velocity field. For both Piecewise-FFD
and sCC-DIR the image domain is virtually segmented into
two velocity fields, one covering the upper prong and one
covering the lower prong. The point set x. coupling the
two fields via Lagrangian constraints is the shared boundary
connecting the two prongs. sCC-DIR is additionally equipped
with intra-collision correction for a triangle mesh repre-
senting the two prongs like in Equation 23. This complex
formulation captures the piecewise deformation of the upper
and lower prongs, denoted " and !, respectively, and
their individual updates to the object’s representations based
on the initial domains. The adapted signed distance field
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(a)

(b)

(c)

(e)

FIGURE 5. Results for synthetic self-intersection experiments. (a) Moving image with an internal gradient structure. (b) Fixed image with and internal
gradient structure. (c) Registered contour for one-field-FFD. (d) Registered contour for Piecewise-FFD. (e) Registered contour for sCC-DIR.

(a) (b)

(9 (d)

FIGURE 6. Exemplary fissure reconstruction on left lung form transverse plane. (a) Windowed original scan. (b) Original lung
segmentation in purple overlaid with original sparse fissure segmentation in green. (c) Results for lobe segmentations in red (inferior)
and blue (superior) with reconstructed fissure in green and connector points in yellow. (d) Wireframe rendering of 3D triangle mesh of

lung partially split into inferior (red) and superior (blue) lobes.

is created from the object in the initial configuration via a
marching method. The prongs are registered at two scale with
10 and 5 pixel resolutions. The resulting deformed contours
in Figure 5 show a failure of One-Field-FFD to capture
the self-contact between the prongs. While Piecewise-FFD
and sCC-DIR create that contact, the former overshoots and
generates an overlap of around 15 pixel whereas the later
prevents any overlap. All three methods reach a DICE of
0.9881. The mean difference |x. o ®*PP¢" — x. o @lower |» for
the ADMM methods is 0.09 pixel.

2) FISSURE RECONSTRUCTION

To examine lobar sliding in a medical setting the lung
segmentation needs to be refined. Both left and right lung are

VOLUME 13, 2025

separated into lobes by lung fissures. Where the left lung is
split into superior and inferior lobes by the oblique fissure,
the right lung is divided into superior, middle, and inferior
lobes by a oblique and a horizontal fissure. [88] Automated
fissure extraction, and subsequently lobe segmentation based
on fissures, has struggled for a robust method for a long time
[89]. In order to combat the low intensity contrast between
fissure and surrounding volume, either preprocessing fissure
enhancements are employed [90], [91] or anatomical ROIs
found [92]. However, deep learning approaches trained on
diseased lungs have recently shown promising results [93].
We have obtained a sparse, manual fissure segmentation of
the oblique fissures for all DIR-Lab cases excluding case 8.
The goal of the fissure reconstruction is twofold: first, to split
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FIGURE 7. Quality assessment of the fissure reconstruction. Blue cases fit the selection criteria, red ones are rejected. (a) Boxplot for quartiles of
distances between original sparse fissure segmentation and the reconstructed mesh. Left lungs for cases 3, 4, and 7, and right lungs for cases 3, 4, 6, and
9 are rejected. (b) Barplot of the volume ratio between reconstructed fissure mesh and original sparse segmentation. Left lungs for case 3 and rights
lungs for cases 4 and 10 are rejected.

the lung segmentations into superior and inferior lobes along for self-intersection detection that represents the lung lobes
the fissure plane. Second, to generate a 3D tetrahedron mesh split only at the segmentation points in the fissure plane
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while staying connected as one mesh. In order to do so,
a continuous surface for each fissure is approximated and
a volumetric fissure mesh generated. Our method is built
on the eigenanalysis of our sparse fissure segmentation and
consists of 5 consecutive steps. First, the regression plane of
each fissure segmentation point cloud is found by using the
two biggest eigenvectors representing the orientations with
the highest variances in our dataset to span the plane. Next,
the fissure points are projected onto the regression plane,
filled in with sampled points and Delaunay triangulated.
Afterwards, the in-plane fissure points are registered back
to their original coordinates via a landmark matching based,
smooth registration. The transformation is applied to all
in-plane points, creating a smooth fissure surface in 3D.
This smooth surface is used to separate lungs into lobes by
identifying the closest triangle for each lung segmentation
voxel and determining on which side of the triangle the
voxel lies. For Lagrangian ADMM coupling constraints,
the filler points are assigned to the set of shared tissue
points x.. Last, the set of fissure points is duplicated and
both sets are extruded in opposing directions to generate
a volumetric fissure mesh. The direction of this extrusion
is the positive, respectively negative average of all triangle
normals at the triangulation vertices corresponding with
the fissure points. To generate a lung surface mesh with
fissures excluded, a boolean mesh subtraction is performed.
A graphic example is shown in Figure 6. Reconstructing
smooth fissures that match the original segmentation is time
consuming and not the focus of this work. Subsequently,
instead of individually tuning parameters, only the subset of
lungs with decent reconstructions from our out-of-the-box
solution is selected. Two quality measures were employed to
select this subset, distance error and a volume ratio. While
the distance error measures the distance distribution from the
sparse segmentation to the reconstructed mesh, the volume
ratio displays how much the reconstructed mesh volume
diverges from the original volume of the sparse segmentation.
Acceptance criteria for the distance measure were formulated
as below 10% of outliers, an inter-quartile range below 5 mm
and a median below 2 mm. The criteria for the volume ratio
is a ratio between 0.5 and 1.5. The results of the quality
measures is displayed in Figure 7 Lungs fitting both criteria
and consequently selected for experiments are both lungs of
cases 1,2, and 5, left lungs only for cases 6 and 7, and right
lung only for cases 9 and 10.

3) MEDICAL DATA

For all the selected cases One-Field-FFD, Piecewise-FFD,
and sCC-DIR are run. The One-Field-FFD deformes the
lung with one velocity field. For the piecewise approach and
sCC-DIR, each lobe is deformed by its own velocity field
with the fields being coupled via Lagrangian constraints at
the set x. described in the last paragraph. The tetrahedral
mesh is obtained from the triangle surface mesh excluding
the fissure volumes and its corresponding adapted signed
distance field via a winding number method. Each lobe
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registration starts with an affine registration followed by
deformable registration at 10 and 5 voxel resolution. The
TRE results for all methods as well as the overlap results
for the piecewise methods are given in Table 4. While
the One-Field-FFD shows the highest average accuracy,
the piecewise approaches follow with only 0.06 mm and
0.09 mm differences. In half of the cases the One-Field-
FFD is outperformed by the piecewise methods. Regarding
the overlap, Piecewise-FFD shows an average overlap
of 194 mm> whereas sCC-DIR reduces this overlap by
factor 7. Self-intersection, whether in Piecewise-FFD or
sCC-DIR, occur in an average distance of 0.5336 £ 0.503 mm
around their respective fissures. Figure 9 displays the mean
maximum shear stretch in the oblique fissure. Piecewise-
FFD and sCC-DIR results are within a 19% range of each
other, while One-Field-FFD values are between 43% and
71% of the lowest piecewise results. Lobar shear modeled
with SCC-DIR compared to shear in lung-thoracic cavity is
in a range of 44 and 80 %. A visual inspection of sliding
in the lobar fissure is shown in Figure 8. The colour coded
shear map shows a left lung after registration with One-Field-
FFD and Piecewise-FFD. While both cases show expectedly
high shear in the lung-thorax boundary, the Piecewise-FFD
additionally experiences an increase in lobar shear with the
fissure location clearly distinguishable from the background.
When plotting the tangential component parallel to the fissure
surface of both deformations, only the blue Piecewise-FFD
shows a switch in direction when crossing the boundary,
indicating sliding of the lobes. The error for the filler points
|x; o @inferior _ y o @superior |5 s on average 2.0333 +
1.8412 mm for Piecewise-FFD and 1.9877 & 1.7679 for sCC-
DIR. The average time for the registration process with affine
and multi-scale deformable registration for both lung lobes is
1111.2431 4 435.6455 seconds on the same specifications.

IV. DISCUSSION

Our approach models sliding motion between the lung and
thoracic cage by employing domain-specific deformation
fields that naturally allow discontinuous displacement at
domain boundaries. This leads to registration accuracy,
measured by Target Registration Error (TRE), that matches
recent state-of-the-art benchmarks. Image registration over
time can be viewed as simulating organ motion, where
the image data discretizes the underlying organ shapes.
Many existing domain-splitting methods handle sliding
by approximating it within the image domain, separating
regions, and applying smoothing at interfaces. In contrast,
our method integrates collision detection as an explicit,
physics-based constraint. This directly prevents tissue over-
lap or penetration without relying on heuristic smoothing or
auxiliary loss functions that may only minimize interface
inconsistencies without truly resolving collisions, resulting
in more accurate and realistic sliding behavior. Moreover,
collision detection is highly flexible and can handle com-
plex, non-planar sliding interfaces, whereas domain-splitting
methods often depend on simpler geometric assumptions
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TABLE 4. Combined results for TREs and overlap for the self-intersection medical experiments. TREs in mm are shown for no registration, One-Field-FFD,
Piecewise-FFD and self-intersection-correcting sCC-DIR, overlap in mm for Piecewise-FFD and sCC-DIR. Regarding TREs, one-field-FFD has results in the
highest accuracy followed closely by the sliding-modeling methods. Overlapping volume are clearly reduced with the sCC-DIR.

TRE in mm Overlap in mm?

Case Lung No registration  One-Field-FFD  Piecewise-FFD sCC-DIR Piecewise-FFD sCC-DIR

1 Right 3.79 +2.82 0.94 + 0.96 1.05 + 1.04 1.04 + 1.03 9.41 0.0

1 Left 3.92 +£2.70 0.97 + 0.96 1.07 + 1.02 1.14+1.02 4.70 0.0

2 Right 4.33 +4 0.83 +0.95 0.8 + 0.98 0.86 + 0.97 2691 3.56

2 Left 4.34 + 3.81 0.96 + 1.02 0.94 + 1.03 0.97 + 1.02 57.19 3.36

5 Right 9.29 + 6.02 1.91 £ 2.30 1.96 + 2.46 1.92 +2.47 686.68 81.68

5 Left 5.26 +3.79 1.34 +1.33 1.45 + 1.37 1.52 + 141 9.08 3.03

6 Left 9.12 +5.71 1.99 + 1.65 2.33 +2.18 2.46 +2.48 188.18 21.17

7 Left 11.79 + 6.74 2+ 155 1.99 + 1.87 2.06 + 1.75 458.69 56.45

9 Right 7.15 +3.76 1.29 + 1.01 1.35+ 1.05 1.29 + 1.05 214.05 37.64

10 Right 7.56 +7.3 1.66 + 21 1.5+ 1.85 1.62 + 1.95 289.33 58.81
Mean - 6.69 + 5.6 1.39 + 1.53 1.44 + 1.65 1.48 + 1.7 194.42 +-217.5  26.55 +- 28.57

(b)

(d)

(9

FIGURE 8. Coronal view of maximum shear stretch and sliding motion for case 7, left lung. (a) Qualitative shear map on One-Field-FFD.
Brighter colour indicates higher stretch. (b) Qualitative shear map on Piecewise-FFD with more pronounced stretch along the fissure.
(c) Tangential components of ® for One-Field-FFD. Components are tangential to fissure surface (yellow). (d) Tangential components of

@ for Piecewise-FFD with direction switch over the fissure surface.

that restrict their applicability. Splitting the deformation
into multiple fields also enables straightforward application
of the Large Deformation Diffeomorphic Metric Mapping
(LDDMM) framework within each subdomain, preserving
its theoretical validity. By enforcing collision constraints
between these deformation fields, our method effectively
minimizes overlap. Even under diffeomorphic constraints, the
amount of overlap is significantly lower compared to other
split-domain algorithms. Additionally, our sampling-based
collision detection, combined with signed distance fields,
allows for efficient inside-outside checks via interpolation.
Although the theoretical computational complexity is O(n)
for n sampled points, the use of vectorized interpolation
reduces this to approximately O(1) in practice, ensuring
computational efficiency. This diffeomorphic nature of the
deformation adds smoothness constraints to the velocity
fields, influencing the local adaptability of the displace-
ments. One result of this impacted flexibility compared to
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non-diffeomorphic methods is seen at the domain boundaries
with an increased gap between lungs and thoracic cage.
While the TRE results of the diffeomorphic method fall
well within the range of current approaches benchmarked on
the DIR-Lab dataset, the performance in terms of overlap
and gap may initially appear reduced compared to its non-
diffeomorphic predecessor [58]. However, a closer inspection
reveals that only case 8 exhibits a gap value outside the
range observed in other methods. Notably, this is also the
case with the highest average displacement across the dataset,
reaching 15.16 mm. Such large displacements tend to induce
strong penalization in the velocity field, effectively increasing
the amount of regularization or smoothing. This increased
smoothing can hinder the model’s ability to adapt precisely to
the complex interface between lung and thoracic structures,
allowing the collision restoration forces to dominate. Over
time, however, these penalization effects may diminish, and
extending the runtime could allow the model to better adapt
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FIGURE 9. Mean maximum shear stretch in oblique fissure over registered lungs. one-field-FFD (red) shows in all cases a lower stretch while

Piecewise-FFD and sCC-DIR exhibit the same behaviour.

and reduce the observed gap, potentially improving the
registration quality further. A solution can lie in the adaption
of the coupling constraints employed in the ADMM. When
using the Eulerian formulation, the velocity field solving the
registration sub-problem is heavily smoothed by the velocity
field for the collision sub-problem. The collision field is
only locally subject to deformation forces and prevents
displacements with high magnitude or acceleration from
the registration field. It can be seen as a time dependent
damper or in the context of fluid mechanics the deformation
fields viscosity. Two possible adaptions would be to use the
Lagrangian coupling or a local relaxation of the coupling
coefficient p.

While the diffeomorphic nature of our registration method
greatly enhances anatomical plausibility, it also signifi-
cantly impacts computation time. Our average runtime of
1220.8 seconds per case may initially seem high, but this
must be contextualized in terms of model complexity and
the substantial size of the DIR-Lab dataset. Achieving high
accuracy in this setting requires dense sampling and a
large number of query points, which inherently increases
computational load. Among classical, numerically optimized
approaches benchmarked on DIR-Lab, Wu et al. [37]
and Delmon et al. [42] report runtimes of approximately
100 minutes and 86 minutes respectively—both of which
are outperformed by our implementation. However, these
comparisons must account for advances in computational
hardware over time, which can significantly affect runtime.
Learning-based methods, by contrast, dramatically reduce
computation time. For example, recent approaches by
Huang et al. [94], Ng and Ebrahimi [44], Zhang et al. [95],
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Hering et al. [50], and De Vos et al. [96] report runtimes in
the range of 0.63 to 2.1 seconds. This runtimes do not take
the respective training times into account. Despite their speed,
these methods typically do not enforce explicit modeling of
sliding motion at anatomical interfaces. In terms of target
registration error (TRE), only Zhang and Hering outperform
our method, while the others, although faster, do not achieve
the same level of accuracy.

A. DIFFEOMORPHIC BEHAVIOR

Evaluating the diffeomorphic qualities of the transformation,
proved to be less straight forward than TRE or overlap
measures since none of the algorithms in Table 1 and
Table 2 claimed diffeomorphic behaviour. Comparison
for percentage of det(V®) < (0 was then performed
across a spectrum of publications working on the DIR-
Lab dataset. On average, Lu et al. [97] report 0.0061%,
Matkovic et al. [98] 0.453 £ 0.818%, Igbal et al. [99]
127 voxel, Risser et al. [36] 0.147%, Zhu et al. [100] values
between 4.60 % 107%% and 4.14 % 107*% for their three
algorithms, and Lui et al. [101] between 0.026% and 0.045%
for another three algorithms. Only Castillo et al. [102],
two out of the seven methods reported with values for
det(V®) in Ho et al. [103] and one out of the seven
methods from Van der Ouderaa et al. [104] display no non
positive values. With less then 20% of the methods mentioned
showing this local invertibility, diffeomorphic behavior is
can not be automatically assumed. Less works asses the
inverse consistency. Heinrich [105] gives an overview of
five methods applied to a sub-set of the DIR-Lab set,
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with an average inverse consistency of below 0.2 voxels.
Slightly more references exist on brain image registration,
where Johnson and Christensen [106] produces an inverse
consistency of 0.00 to 0.009 pixel and Ashburner [107]
between 0.034 and 0.032 mm. The American Association of
Physicists in Medicine Task Group 132 as reported by Nenoff
et al. [108] recommends a 2-3 mm inverse consistency error
threshold. Being one of the few algorithms showing local
invertibility and an inverse consistency below the task group
recommendations, dCC-DIR can be considered state of the
art.

B. LOBAR SLIDING

The existence of lobar sliding and the importance of modeling
has been shown in multiple works [52], [53], [54], [56], [57].
These contributions approximate the lobar deformation by
using the same lobe-by-lobe registration sCC-DIR employs.
When modeling contact constraints however, the lobes are
represented as individual object, whereas in reality they
form a continuum with a connection at the hilum. The
development of lobar sliding via self-collision detection
is to the best of our knowledge the first model using a
single object representation for lobe-separated lungs. In
contrast to inter-collision detection, intra-collision detection
is more computationally expensive. This is because each
of the nn collision query points must be checked against
all mm tetrahedra, resulting in a theoretical complexity of
O(m? x n?). While vectorization reduces this cost in prac-
tice, the point-to-tetrahedron tests remain computationally
intensive. To further accelerate the process, strategies such
as bounding volume hierarchies (BVH) can be employed,
potentially providing significant speed-ups. The overlap in
lobes without collision correction is on the mm’ level,
meaning a factor of lolw compared to the overlaps at the
lung-thorax interface. Nevertheless, correcting the collisions
produces consistent deformations while introducing no
further drawbacks as the TRE accuracy on average is kept
within 0.04 mm difference to Piecewise-FFD and 0.1 mm
difference to dCC-DIR. A key factor for preventing overlaps
is an authentic fissure reconstruction, yet the reconstruction
is a difficult task, since a fine geometry has to be created
from sparse segmentation. Several publicly available fissure
segmentation algorithms were tested but could not produce
reasonable results in a timely manner. As other published
works [90], [91], our own fissure reconstruction algorithm
uses approximations and manual corrections, possibly influ-
encing the outcome with user bias. Improving the fissure
reconstruction will likely improve performance and modeling
right lungs with all three lobes poses an interesting challenge.
While the self-intersection was developed for lung lobe
interactions, other highly elastic or convex organs can benefit
from our model approach. Overall, there are two major
possible opportunities for future work. The first is the
evident coupling of both inter-collision and intra-collision
correction to achieve a fully physics-constraint lung model.
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This might be coupled to FEA to either provide simulations
with accurate displacement mappings or use inspiration in
sliding contact modeling. Adapting the variational approach
to a deep learning method is the second option. The model
can either be fully translated into a network loss function or
a network trained purely on image registration can supply
initial guesses for the deformation fields, reducing the effects
of time dependent smoothing. Even though sliding motion
at the lung boundaries has been substantially researched,
no single standard has been established. This is apparent in
the comparison of the tradeoffs of two main approaches, split
domain and local regularization. While the former method
ensures sliding motion by using independent deformation
fields, matching of the interfaces is not guaranteed. The local
regularization method suffers from the opposite dilemma.

V. CONCLUSION

We have presented a method capable of modeling discon-
tinuities such as sliding motion, either between different
objects or the same object. Additionally, diffeomorphic
behaviour was examined and confirmed. The registration
success of our method was evaluated on synthetic and
medical data, performing within the range of state of the art
algorithms. This work is a contribution to improving medical
image registration with physical constraints and can be the
foundation to develop a more sophisticated representation of
lung deformations.
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